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1. INTRODUCTION 
In this paper, we consider the existence of solutions of semilinear elliptic 
boundary value problems at higher eigenvalues. Let Q be a bounded 
domain in RN with a smooth boundary aQ, and 
Lu = c ( - 1 )‘fl’ P(a&) D”u) 
i~l.lPI G m 
be a differential operator acting on real-valued functions U(X) defined on &? 
satisfying the following conditions: 
(Ll ) L is uniformly elliptic, i.e., there exists a positive constant a, 
such that 
c %&4X) YP B a0 ItI*” 
1x1 =IBI =m 
for all teRN (l<l’=<f+<i+ ... +[f,,); 
(L2) the coefftcients aEBare real-valued functions in L”(Q) and the 
higher order coefficients a,, (Ia/ = IpI = m) are uniformly continuous 
functions in Sz; 
(L3) L is symmetric, that is, (Lu, u) = (u, Lu) for all U, u E H;;(Q), 
where (., .) denotes the inner product in L*(Q). 
Let g: Q x R -+ R be a given function satisfying the Caratheodry’s 
conditions. We consider the existence of solutions of the boundary value 
problems of the form 
Lu-A$l+g(x, u)=f in Q, 
ab/ad=o on asz (i= 1, 2, . . . . m - 1). (1.1) 
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where lj is an eigenvalue of L, a/& is the derivative in the direction 
outward normal to the boundary &2 of 0, and f~ H-“(Q). 
Recently, Shapiro [lo] established an existence result for the problem 
(1.1) in the case that g has unbounded nonlinearities and satisfies a 
Landesman-Lazer type condition. Shapiro’s result, however, does not 
cover the case that g has linear growths. Our first result is an extension of 
Shapiro’s result o the case that g has a linear growth. We next consider the 
case g does not satisfies any Landesman-Lazer type condition. That is, we 
study the case lim inf, _ oc g(x, t) = lim supI _ up g(x, t), a.e. on Q. Several 
authors considered this case with g having bounded nonlinearities (cf. [9]). 
Fucik and Krebec [5] and Hess [6] gave existence results for (1.1) in case 
that j?‘~ L”(Q) and g is a continuous function satisfying g(x, t) = g(t), 
g(-t)=g(r), and g+ =lim,+ fm g(t) = 0. We extend these results for (1.1) 
to the case g has unbounded nonlinearities and f~ L2. Our method 
employed here is different from those in [S, 6, or lo]. 
2. MAIN RESULTS 
For p > 1 (p # 2), ll.llP denotes the norm in Lp(Q). We denote by JI.JI and 
( ., .) the norm and the usual inner product in L’(Q), respectively. We also 
denote by I./,,, and 1.1 em the norms of the Sobolev space H;;(Q) and the 
dual space H-“(Q) of Hr(Q), respectively. For each f~ H-“(Q) and 
u E Hr(Q),f(u) denotes the value offat u. Let L be the differential operator 
defined in Section 1 satisfying (Ll)-(L3). Then we have Garding’s 
inequality; there exist positive constants c1 and c2 such that 
44 ula c, b4; - c2 11412 for 24 EHr(Q), (2.1) 
where a[ ., .] denotes the Dirichlet bilinear form associate to L 
Q(X) D%(x) D’%(x) dx 
for U, u E H;;(Q). A real number ;1 is an eigenvalue of L if there xists uE H;; 
such that Lu= lu. It is well known that L has eigenvalues (n,}E, with 
A, <A,< ... and with lli + co as i -+ 00, whose corresponding eigenspaces 
are finite-dimensional subspaces of H$‘(Q). We now state the assumptions 
on the real-valued function g(x, t) defined on Q x R: 
(gl) g satisfies the Caratheodory’s condition, i.e., for each SE R, the 
function x -+ g(x, s) is measurable and for almost all x E Q, the function 
s + g(x, s) is continuous; 
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(g2) there exist a positive constant k and a function hE L’(Q) such 
that 
lg(x, s)l d k Is + 4.~) for all s E R and a.e. x E Q; (2.2) 
(g3) there exist functions c(x)EL”(Q) and ME L’(Q) such that 
sg(x, s) > c(x) Isl + d(x) for all s E R and a.e. in 52, (2.3) 
where p = 1 for m > N/2, p > I for m = N/2, and p = 2N/(N + 2m) for 
m < N/2. 
We set 
g+(x) = lim inf g(x, t), 
,+'X 
s-("'='j'$s~P g(x, r), 
for x E R. From (g3), we can see that g+(x) > c(x) and g (x) d c(x) a.e. on 
$2. It is also easy to see from (g3) that for each /I > 0 there exists d, E L’(Q) 
such that 
sg(x, t) 3 c(x) I4 + d,(x) (2.4) 
for s, t E R with 0 d s/t < /I and a.e. x E 52. 
Let g satisfy the conditions (gl t(g3) andf be an element of H-“. Then 
u is said to be a solution of the generalized Dirichlet problem for (1.1) if u 
satisfies that 
a[u, 4]- A, j u(x) d(x) dx+ j- Ax, u(x)) 4(x) dx = f(4) (2.5) n R 
~ for all q4 E HI;. 
We now state our first result. 
THEOREM 1. Assume (Ll )-( L3), (gl ), (g3), and that A, is an eigenualue 
of L. In addition, suppose that (g2) holds with k < min{Aj+, - A,, Aj- AI- i}, 
and that 
5,,,g+(X)O(x)dx+~,,<og~(x)a(x)dx>f(UI (2.6) 
for all nonzero eigenfunctions v corresponding to Aj. Then there exists a 
solution u E H:(Q) of the generalized Dirichlet problem for (1.1). 
Remark 1. In [lo], the following condition is imposed on g instead of 
k2): 
for every T > 0, there xists b, E L’(Q) such that 
1 g(x, s)l < r IsI + b,(x) for s E R and a.e. x in Q. (*) 
The condition (*) does not allow that g has a linear growth. 
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We next consider the case g_(x) = g+(x) = 0. In this case, the 
LandesmanLazer condition (2.6) does not hold. In our next result, we 
assume the following condition instead of (g3): 
(g3’) g(x, t) 2 0 for all t E R and a.e. x in Q. 
THEOREM 2. Assume that (Ll )-( L3), (gl ), (g3’), and that %, is an eigen- 
value of L such that all nonzero Il,-eigenfunctions have the unique 
continuation property. In addition, suppose that (g2) holds with k < 
min{~,+,-~i,~~j--~~,}, and that 
I lim inf tg(x, t) dx > 0. (2.7) R 111 4 m 
Let f E L2(Q) satisfy that So f(x) w(x) dx = 0 for all lj-eigenfunctions w.
Then there exists a solution u E H;(Q) of the generalized Dirichlet problem 
for (1,l). 
Remark 2. In [6], Hess introduced the following condition: 
lim inf t min g(r) > 0 (a > 0). (**I r-00 r t CUJI 
We note that (**) and (2.7) are equivalent if g(x, t) = g(t) for all x E Q and 
g is an odd mapping. In fact, it is easy to find a constant a > 0 satisfying 
(**), if the condition (2.7) holds. We also note that Theorem 2 allows g to 
have unbounded nonlinearities. For example, g(x, t) = g(t) = t( lsin tl + 
(1 + lr12))‘) satisfies the condition (gl), (g2), (g3’), and (2.7). 
3. PRELIMINARY RESULTS 
Let H be a closed convex subset of a locally convex topological vector 
space and X be a closed convex subset of H. We denote by i,H the 
algebraic relative interior of X with respect o H, i.e., z E i,H if and only if 
for each XE H, there exists to > 0 such that tx + (1 - t)zE X for all t with 
0 < t 2; t,. 8,H denotes the algebraic relative boundary of X with respect o 
H, i.e., z E d,H if and only if for some x E H, tx + (1 - t)z $ X for any t > 0. 
We first state an existence theorem which is a simple version of 
Theorem 3 of Takahashi [ 111. (See also Browder [2]). 
THEOREM 0. Let H be a closed convex subset of a locally convex 
topological space E and X be a compact convex subset of H such that 
i,H #: 0. Let B: H x H + R be a function satisfying the following conditions: 
409/132/2-9 
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(Bl ) for euch J‘ E H, the ~fin~tion B(x, j’ -.u) of’ x is upper semi- 
continuous; 
(B2) .for each x E H, the function B(x, y) of‘y is linear; 
(B3) ,for each z E (?,. H, there exists x,] E ix H such that B(z, z -xc,) 3 0. 
Then there exists x* E X such that B(x*, x-x*) 3 0 ,for all x E H. 
For completeness, we give a proof of Theorem 0. The proof of 
Theorem A is based on the following lemma due to Fan [3] and 
Takahashi [ 111. 
LEMMA 0. Let X he a nonempty compact convex subset of a topological 
vector space H and let F be a real valued function on Xx X satisfying: 
(Fl) for each YE X, the function F(x, y) of x is upper semicontinuous; 
(F2) for each x E X, the function F(x, y) of y is convex; 
(F3) F(x, x) 3 c ,for all x E X with some real number c E R. 
Then there exists x0 E X such that F(x,, y) 3 c for all y E X. 
Proof of Theorem 0. We define a function F from H x H into R by 
F(x, y) = B(x, y-x) for x, y E H. Then F satisfies (Fl), (F2) on X and that 
F(x, x) 3 0 for all x E X. Then by Lemma 0, there exists x* E X such that 
F(x*, y)>O for all YE X, i.e., B(x*, y-x*)30 for all YE X. Suppose 
that x* E i,H. Then for each x E H, we can choose I E (0, 1) such that 
%x+(1 -i)x*~X. Hence we have 
Thus we obtain that B(x*, x-x*) > 0 for all XE H. Suppose that 
x* E 8,H. Then, by the hypothesis, there exists y,,~ i,H such that 
B(x*, x* - y,) >O. Since B(x*, y-x*) 3 0 for all YE X, it follows 
that B(x*, y - yO) 3 0 for all y E X. Since y, E i,H, for each x E H 
there exists I E (0, 1) such that ,Ix + (1 - A) y, E X. Hence we obtain 
B(x*, x- y,) 2 0 for all x E H. Since yOe X, we get B(x*, y,- x*) 20. 
Thus we obtain that B(x*, x-x*) > 0 for all x E H. 
4. PROOFS 
For simplicity, we write L*, H,“, and H ‘n instead of L*(Q), H,“(Q), and 
H-“(Q), respectively. For each r > 0, S,(O) denotes the set {U E H$‘: 
1~1, <r}. In the following, we assume (Ll)-(L3), (gl)-(g3), and that ibj is 
an eigenvalue of L. Let S be a mapping defined by g(u)(x) = g(x, u(x)) for 
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x E Q and u E L2. Then by (gl ) and (g2), 2 is a continuous mapping from 
L2 into itself. 
Let V, be the subspace of L2 spanned by the eigenspaces corresponding 
to the eigenvalues A1, AZ, . . . . ij,. ,, V, be the eigenspace corresponding to 
the eigenvalue Aji, and V, be the closure of the space spanned by the 
eigenspaces corresponding to the eigenvalues {A,}pu,, + . Then we see that 
v,, b’2, V, are orthogonal in L2 and L2 = V, @ V, @ Vj, where @ denotes 
the direct sum. Let P,, P,, and P, be projections from L2 to V,, I/,, and 
V,, respectively. It also easy to see that there exists C~ > 0 such that IuI,< 
c3 l\ul\ for all DE V, @ V,, because V,, V, are finite dimensional subspaces of 
Hr. We fix a positive constant q such that q = cc if p = 1, q =p/(p - 1) if 
p > l., where p is the constant defined in (83). Then from the Sobolev’s 
embedding theorem, there exists a constant cy > 0 such that ljull y < cy IuI m
for all u E Hr. 
For each f E H-“(Q), we define a function B, from H;; x H;; into R by 
qu, 0) = a[u, u -2P, v] - Aj(U, u- 2P, u) 
+ (g(u), u-2P,u)-f(u-2P,u) 
for U, u E Hr. Then it is easy to see that UE Hz is a solution of the 
generalized Dirichlet problem for (1.1) if and only if u satisfies that 
&(U, VI 2 0 for all u E Hr. (4.1 
The inequality (4.1) can be rewritten as 
IJf(z.4 u-u)>0 for all u E Hr. (4.2 ) 
Then we shall show the existence of a solution u of (4.1) by using 
Theorem 0. Let E be the Sobolev space H;; endowed with iis weak 
topology. Then for each r > 0, the set S,(O) is a compact convex subset of E 
such that i,,,, E # @. It is well known that the function u + a[u, u] is 
lower semicontinuous in E (i.e., if U, + u weakly in H;;, a[u, u] < 
lim inf a[~,, u,]). It is also easy to see that 2: E + L2 is continuous, because 
H;; is compactly embedded in L2. Hence we put H = E. Then from the 
observations above, we can see that the function Bf( ., .): H x H -+ R 
satisfies (Bl ) of Theorem 0. It is obvious that B, satisfies (B2) of 
Theorem 0. Therefore to apply Theorem 0, we shall prove that there exists 
R > 0 such that the condition (B3) holds with respect o X= S,(O). That is, 
we show that there exists R > 0 such that for each u E H;r with 1~1, = R 
there exists vE H;; such that IuI, < R and B,(u, u - u) > 0. 
We now fix feH-“‘. Let ~=min{A,+,-~,,3Lj-~jj1} and tl, p, h be 
positive numbers such that 
l-=x<&, B = (a + 1 )/(a - 11, 
440 NORIMICHI HIRANO 
and 
h2(A-k)-(l +2~,)(c, /l4,+ I./I ,,,)-(c(+ 1) llhll >o. 
To prove Theorem 1, we need two lemmas: 
LEMMA 1. There exists II constant r, > 0 such that LZr(u, u) > 0 for all 
UEH~ with IuI,,,>r, and llP,u+P,ull 3h Iu/Li2. 
Proof Let r be a positive number and u be an element of H;; such that 
Iulm=r and IfP3u+P,ull ahr”‘. For simplicity, we put u=P,u, w=P2u, 
and z = P,u. Then since 
a[u, u - 2P, u] - Ai(u, u - 2P, u) 
3(4+t-4) llzl12+(~,-~.j~*) Il42, 
we have that 
l+(u,u)3~ ~~z+o~~2+(g(Z+w+~!),z+M'-u)-f(Z+w-u) 
21 llz+ul12+(g(z+w+u),z+w~-u) 
- If I +l(l4m + 2 l4,). (4.3) 
Noting that Iv/, 6 c3 ~~u~~ d c3 /lull 6 c3 IuI,, it follows from (4.3) that 
Bf(U,U)3A llz+ul12+(g(z+w+u),z+w-u) 
- (1+2c,) Ifi m Iuin,. (4.4) 
Here we put A = {xEQ: c( Iv(x)1 < Iz(x)+ w(x)l}. Since u=z+w+ u, 
we can see that A c {xEQ: sgn u(x)=sgn(z+ W-U)(X)) and 06 
(z + w - u)(x)/(z + w + u)(x) < fi for all x E A. From these facts combined 
with conditions (2.4) and (g2), if follows that 
(g(z+w+u),z+w~-u) 
ZE JA g(u)(z+w-a)dx+J g(u)(z+w-u)dx 
R‘, A 
3 ! (c(x) l(z + w- u)(x)1 + dB(x)) dx A 
-1 (k l(z + u’+ uNx)l + lWx)l) lb + w - u)(x)l dx Q\A 
3 -IIcIIp llz + w - 41, - lIdfill 1 
(k l(z + w)(x)2 - 4x)‘l) dx - (1 + ~1 ll~ll I ull 
3 -llcllp Ilz+~~-14,- lld~ll,-k 11412-(l+cO II4 1141~ (4.5) 
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On the other hand, we see that 
llz+w-ull,dc, lz+w-4m6cy(l~I,+2 l4J 
ec,(l4,+2C3 Il4l&44,+2c, Ilull) 
d c,(l + 2c,) IUI,. (4.6) 
Then it follows from (4.4), (4.5), and (4.6) that 
Therefore we can choose r so large that B/-(u, U)> 0. This completes the 
proof. 
LEMMA 2. There exists a constant r2 > 0 such that Bf(u, u) > 0 for all 
UE H;; with jul,,, > r2 and IIP,u + P, uII <h Iulz’. 
Proof: If the assertion of Lemma 2 does not hold then we have that 
there exists a sequence fun} cH;r such that Iunlm+ co, as n + co, 
IIPxun+P,unll <h Iunl:’ and B,-(u,, u,)<O for all n> 1. We put t,= lu,I, 
and .y, = u,Jt, for n 3 1. Also we put u, = P, u,Jt,, w, = Pzu,jt,, and z, = 
P3u,/t, for n > 1. Then we have that I y,,l, = 1, y, = z, + w, + u, for each 
n 3 1, lkll, IIu,I/ -, 0, as n + ~0, and 
B/-(um Y,) =A &u,, u,) <0 forall n>l. (4.7) 
Since lvnlm= 1 and Iw,+u,~,<c~ I(w,+u,(I dc, I(YJ <c3, we find that 
{zn} is bounded in Hr. Then we have that {zn} is bounded in L”(Q), 
because H;r is continuously embedded in Ly(Q). Since V, is a finite dimen- 
sional subspace of H,“, we may assume that w, + w in HT, w, -+ w a.e. on 
Q. Also we may suppose that z,, u, + 0 a.e. on Sz. Here we note that there 
exists w0 E Ly such that 1 w,(x) - u,(x)1 d 1 wO(x)l for all n 2 1 and a.e. x on 
Q. In fact, it is easy to find w0 E L4 satisfying the inequality above, because 
V2 + V, is a finite dimensional subspace of Lq. Now we put A, = 
{x: a: lo,(x)l < [z,(x)+ w,(x)\} for each n > 1. Then we see that A,c 
{x E Sz: sgn y,(x) = sgn(z,(x) + w,(x) -u,(x))}. Since z,, u, -+ 0 and w, + w 
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a.e. on a, it is easy to see that ~,,,,(x)(r,J.u) + no,, - c,,(x)) -+ M’(X) a.e. on 
0, where x,.,, denotes the characteristic function of A,,. Since 
d-x, 4,(*~))(=,A-~) + ~~~,,(-~) - l’,,(.Y)) + l4y)l lk,,(.~)l 
3 c(x) 12,,(x) + b1.,(.Y) - v,(x)1 + d&u) + IC(.Y)l lz,,(x)l 
3 -Idx)l lU’,,(-x) - L),l(X)l + d,(x) 
3 -Ic(x)l Iq!(x)l + d,(x), 
for all x E A,, we have by Fatou’s lemma that 
2 s lim inf XA,(x)(g(x, u,)(z,, + W, - u,) + Ic(x)l Iz,(x)l) dx. R 
> s lim inf XA,(x) g(x, u,)(z, + W, - u,) d-x. (4.8) R 
Thus we obtain from (4.8) that 
lim inf 
I 
g(x, u,)(z, + w,, - u,) dx + lim sup (IclIP IIz,J~ A, 
3 I lim inf XA,(x) g(x, u,)(z, + W, -u,) dx. (4.9) D 
Noting that x~,~~~,+~~,~~,~~~(x)(z,+~,--~)(x)~x~..,~~(x)w(x) and 
XA,n(z,+r.“--tln<O} (x)(z, + w, - u,)(x) -+ ~~w~o~(x) w(x) a.e. on 52, we 
obtain from (4.9) that 
lim inf s g(x, u,~)(z, + W, - u,) dx + lim sup licll,, lznljy n+n A, n + n; 
2 s lim inf g(x, u,) Q~,,~)(x) w(x) d-x $2 n+a 
+JJ lm sup g(x, n,) ~(~<~)(x) w(x) dx n-cc 
Here we note that lim sup /IclIP Jz,,(ly < co, because {zn) is bounded in 
Ly(Q). If lim Jz,I, = 0, then (4.10) implies that 
lim inf 
I dx, u,)(z, + w,, - 0,) dx > f(w). (4.10’) n-m ,a& 
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On the other hand, we have 
3- s (k l%(X)l + INx)l) { li: a Ic,(.r)l > IZ”(.Y) + W”(Yi)l) 
x Iz,(x) + w,(x) - u,(x)1 dx 
2 - s Xn\&)(ktn lb, + Wn)(X)2-Un(X)21) dx- (1+a) llhll IlU l 
2 -kt, Ib,II*-(1 +cO llbll 4. (4.11) 
We also see that 
aCuM~ ‘PI + wn-“v,l -Aj(u,, 2, + W,-Uv,) >,It, IlZ, + U,l12 (4.12) 
for all n 3 1 and from (2.1) that 
aCun, zn+ wn-“o,l -Aji(un, z~+ wn-"o,) 
2 Cl t, IznlK - @2+1L/k IIznl12+(~,-~j~I)L 11~,112 (4.13) 
for all n 2 1. Now suppose that lim sup (z,I, >O. Then (4.13) implies 
that lim SUP(U[U~, z, + w, - tin] - A,(u,, z, + w, - v,,)) = 00, because lIznIl, 
I(u,/I ~ht,y”~ for n>, 1. Hence combining (4.13) with (4.10) and (4.11), we 
obtain that lim sup Br(u,, y,) = co. This contradicts the inequality (4.7). 
We next suppose that lim Iz,(~=O. Then since \u,(, +O and 
f(zn+ w,+ u,) -f(w) as n -+ co, we obtain by combining (4.12) with 
(4.10’) (4.11) that lim inf Bf(u,, y,) > 0. This completes the proof. 
Proof of Theorem 1. Let R = max{ r,, r2 >. Then we have from Lemma 1 
and Lemma 2 that Bf(u, U) > 0 for each u E H;r with (~1, = R. Since 0 is an 
algebraic interior of S,(O), we find that B, satisfies the condition (B3) of 
Theorem 0 with respect o X= S,(O). Therefore by using Theorem 0, we 
obtain that the generalized Dirichlet problem for (1.1) has a solution in H,“. 
We next prove Theorem 2. We suppose that L, g, and Aj satisfy the 
assumption of Theorem 2. Let fo L*(Q) such that lQ f(x) w(x) dx = 0 for 
all li-eigenfunctions w. Let h’ and h” be positive numbers satisfying 
and 
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To prove Theorem 2, we use the following two lemmas instead of Lemma 1 
and Lemma 2. 
LEMMA 1’. There exists u constant r3 > 0 such that B,(u, u) 3 0 ,for all 
UE~ with Iu/,3rj and ~lP,u+P,u/l 3h’. 
Proqf: Let r be a positive number and u be an element of HI; such that 
(uI,=r and IIP3u+P,ull 3 h’. Let u, M’, and z be as in Lemma 1. Here we 
note that (g3’) is a special case of (g3) with c(x) = d(x) = 0 for all x E 52. 
Then we have from the inequality (4.5) that 
(g(z+w+u),z+vt’--)a -k Ilvll’-(1 +a) llhll /lull. 
Thus as in the proof of Lemma 1, we find that 
B,-(u,u)>(Lk) llz+uIl*-(1 +CL) IlbIl llz+uIl-(f,z+w-u) 
=(1-k) Ilz+ul12-(l+a) )lblI llz+uIl-(f,z-u) 
3 llz+ull ((Ju-k)h’-(l +a) II& - IIfll)ao, 
and this completes the proof. 
LEMMA 2’. There exists a constant rq > 0 such that for each u E H: with 
IuI, > rq and IIP,u + P, uII <h’, the following conditions hold: 
(i) if IPjulm 3 h”, then BJu, u - 2P, u) 3 0; 
(ii) iflP,ul,,,<h” then B/(u,u-(P,u+P,u))30. 
Proof: Suppose that the conclusion does not hold. Then there exists a 
sequence {u~}cH$ such that l~,,l~=f~+co, as n-co, IIP,u,+P~u~II < 
h’ for all n > 1 and each U, does not satisfy (i) or (ii). We put u,, = P,u,, 
w,=Pzu,, z,=P3u,, and A, = (x E Q: c( lo,(x) + z,,(x)/ < [w,(x)1 } for all 
n> 1. For each nb 1, we have from (2.1) and (g3’) that if IP3u,l,>h”, 
then 
B/(u,, u, - 2f’, u,) 
= dun, hl - 4(u,, 4) + (i?(h), u ) - (A u,) 
b dz,, Z,l +dun, U,l - Aj(z, + u,, z, + 0,) - (A z, + u,) 
3c, l&l;- (c2+4) llznl12-G-~1) Ilu,/12- llfll I/z,+u,ll 
3 0. 
Therefore it follows that for each n b 1, U, does not satisfies (ii); that is, 
Iz,l,<h” and Bf(u,, w,)<O for all n3 1. Then we have that jlw,ll -+ co as 
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n+ co, because {z”}, {un} are bounded in H;; and Iu,[, + cc as n + co. 
Since V, is finite dimensional and the unique continuation property holds 
for each h E V, (i.e., ifhE V2 and h(x) = 0 on a set of positive measure, then 
h(x) == 0 a.e. on Q), it follows that [w,(x)1 -+ co a.e. on Q, as n -+ co. (See, 
e.g., [12].) Since llP,un + P,u,,ll d/z’, we find that lu,(x)l + co and 
w,(x))/u,(x) + 1 a.e. on 52, as n -+ co. We also observe that A, c {x E G?: 
w u,,(x) = sgn w,(x))> and meas -+ meas( From the observations 
above combined with the condition (2.7), it follows that 
lim inf I dx, u,) w,(x) dx n-m A” 
> 
s 
lim inf g(x, u,) w,(x) XJ,(X) dx 
n+m 
> 
i 
lim inf g(x, t)t dx > 0. 
IfI + = 
(4.14) 
On the other hand, we see as in the proof of Lemma 2 that 
J g(x, 4 w (x) dx Q\A, 
2 --c1 s ((  + cf)k l(zn + %)(x)1* + lb(x)1 l(z, + u,)(x)l) dx. Q\An 
(4.15) 
Here we note that {zn + o,} is bounded in L” for some s> 2, because 
{zn +un} is bounded in Hz. Then since meas(Q\A,) -+O as n -+ co, we 
have from (4.15) that 
lim inf s g(x, u,) w,(x) dx 2 0. (4.16) Q\An 
We also see that 
dh wnl - qu,, w,) = 0 and (f, wJ=O (4.17) 
for all na 1. Then we obtain from (4.14), (4.16), and (4.17) that 
lim inf B,-(u,, U - (P,u, + P, u,)) > 0. Thus we arrived at a contradiction 
and this completes the proof. 
Proof of Theorem 2. We first see that there exists r5 > 0 satisfying the 
following condition; if u is an element of EZr such that Iu(, = r > r5 and 
llP,u + P,ull <h’, then 12P,u(, < r (i.e., 2P,u is an interior point of S,(O)). 
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Let r be a positive number and UE H;” satisfy that Iul,,, = r and 
(JP,u + P, uI/ <A’. Then since 
we find that if r>2c,h’, then 12P,ul,,< P. It is also easy to see that 
there exists r6 > 0 satisfying that if u E H;;’ satisfies jul,,, = Y > rh, 
I/P,u+P,uIl <h’, and IP,ul,,<h”, then IP,u+P,ul,<r. Wenow set R= 
max(h, r4, rsr r6). Let u be an element of H,“’ with JuI m = R. If 
/I~,u+P,ull ah’, then we have by Lemma 1’ that B,(u, u)bO. If 
IIP3u+ P,ull <A’, then we have by Lemma 2’ that B,.(u, U- 2P,u) 30 or 
B,(u,u-(P,u+P,u))>O holds. Then since 0, 2P,u and P,u+P,u are 
algebraic interior points of S,(O), we find that B, satisfies condition (B3) of 
Theorem 0 with respect to X= S,(O). Therefore by using Theorem 0, we 
obtain that the generalized Dirichlet problem for (1.1) has a solution in H;;. 
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